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Abstract
A numerical study of stably stratified flows past spheres at moderate Reynolds numbers is presented.
The resolved flows can adequately describe a wide class of geophysical, environmental, and engineering
flows characterised by the density stratification of the terrestrial atmosphere and oceanic thermocline. The
range of physical phenomena developing when stratified flows impact single and multiple spheres constitute
a convenient benchmark for complex geometry applications, e.g. mountains, islands, wind turbines, and
buildings. Solutions of Navier-Stokes equations, in the incompressible Boussinesq limit, are obtained
by applying a semi-implicit finite volume (FV) non-oscillatory forward-in-time (NFT) integration scheme
enhanced by MPI parallelization. The developed model is applied for a systematic investigation of stratified
flow patterns arising for a range of Froude numbers Fr ∈ [0.1,∞] at Reynolds numbers Re = 200 and
Re = 300, for which the neutrally stratified flows induces distinctly different near-wake features.
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1 Introduction
Numerical simulations resolving viscous stable stratified flows past a sphere constitute a remarkable
benchmark for computational methods. A variety of complex flow structures are determined
by the mutual role of viscous and buoyant forces, described by the Reynolds Re = VoL/ν and
Froude Fr = Vo/Nh numbers, where Vo, L, ν, N and h define respectively free stream velocity,
characteristic length scale, kinematic viscosity, buoyancy frequency, and obstacle height. For weak
stratification of viscous laminar flows, the three-dimensional structures characterising the neutrally
stratified flows are still observed. As the stratification increases, buoyancy effects progressively
overcome the viscosity resulting in a two-dimensional flow in the horizontal plane.
The present work builds on the study documented in [1], reporting stably stratified flow compu-
tations for Re = 200 and high Reynolds numbers in a turbulent regime appropriate for ILES.
Here, the computational capabilities of the applied NFT-FV scheme are enhanced by the imple-
mentation of the MPI paradigm, which allows both to improve the quality of results and to afford
computations of stratified flow past two spheres.
2 Numerical approach and problem formulation
The adopted model solves the Lipps-Hemler anelastic system suitable for describing a range of
mesoscale atmospheric flows [2, 3]. For an ideal atmospheric flow set in the Cartesian coordinate
system defined by directions xI(I = 1, 2, 3), the governing equations representing the conservation
laws of mass, momentum, and entropy fluctuations can be written as
∇ · (Vρ) = 0 , (1)
∂ρVI
∂t
+∇ · (Vρ · VI) = −ρ ∂ϕ
′
∂xI
+ ρg
θ′
θ
δI3 + (∇ · τ)I , (2)
∂ρθ′
∂t
+∇ · (Vρθ′) = −ρV · ∇θe . (3)
Here, VI are the components of velocity vector V, p and θ denote pressure and potential temper-
ature related to the specific entropy via ds = cp d ln θ (with cp denoting specific heat at constant
pressure). The subscript “e” defines the stably stratified inertial ambient state, whereas ρ is the
1
density of the static reference state. Perturbation pressure is defined as ϕ′ = (p − pe)/ρ, while
potential temperature perturbation as θ′ = θ − θe, where θe(x3) = θo exp(Sx3) is the ambient
profile with stratification S assumed constant and subscript “o” referred to constant reference
values. Finally, the deviatoric stress tensor is defined by τIJ = µ
(
∂VI
∂xJ
+ ∂VJ∂xI
)
. Referring to either
density, velocity components or potential temperature perturbation with ξ, the three equations
(1)-(3) can be generalised as
∂ρξ
∂t
+∇ · (Vρ) = ρR , (4)
where V denotes the advector field and R the forcings. The adopted NFT scheme integrates (4)
to second-order accuracy in time and space using the template
∀i, ξn+1i = Ai(ξ˜,Vn+1/2, ρ) + 0.5δtRn+1i , (5)
where i indicates the mesh nodes and δt the time interval between time levels n and n + 1. The
solution of the nonlinear advection operator is achieved by the Multidimensional Positive Definite
Advection Transport Algorithm (MPDATA) [5], denoted by A. The arguments of the operator
are the auxiliary quantity to be transported, the advector, and the static reference density. Full
details of the algorithm are reported in [1], here we mention that a preconditioned GCR elliptic
solver [6] integrates the Poisson equation resulting from the mass continuity equation and Dirichlet
boundary conditions to update the velocity field.
We report the simulations of stably stratified flows past a sphere computed in a cuboidal domain
with dimensions [−15, 25] × [−15, 15] × [−15, 15] in units of D = 1, diameter of sphere placed
at the origin. The adopted hybrid mesh is composed of triangular base prismatic elements built
within a 0.2D thick region from the sphere surface and tetrahedral elements elsewhere. The
distance between the 1915318 mesh nodes decreases in proximity of the sphere and wake, with
0.005D being the shortest edge length. No-slip and free-slip conditions are applied respectively on
sphere surface and span-wise faces of the domain. A constant free stream velocity is prescribed
as Ve = Vo = (1, 0, 0) ms
−1 and absorbers placed at 2.0D distance from the boundaries attenuate
the solution to the free stream conditions. Simulations are initialised solving the potential flow.
3 Results
Non-stratified flows past a sphere at Re = 200 and Re = 300 show well distinct flow structures.
The steady-state Re = 200 flow is characterised by the axisymmetic recirculation bubble in the
wake region, while the wake of periodic Re = 300 flow is composed of hairpin vortices units. The
NFT-FV computations show that non-stratified flow features are maintained for low-stratified
flows until approximately 1/Fr < 0.1 for both Re = 200 and Re = 300 flows. Results for
Re = 200 report that at 1/Fr = 0.1 the buoyancy forcing starts to impact significantly the flow
behaviour by flattening the wake region and producing gravity waves which radiate in the lee side;
correspondingly, the axisymmetry of the wake is lost. Planar symmetries can still be observed
in vertical and horizontal central planes, with a steady recirculation bubble formed behind the
sphere. This flow regime is called non-axisymmetric attached vortex.
The maximum lee-waves amplitude is detected at 1/Fr = 1, where the transition to the lee-
waves instability regime starts. Left panel of Fig. 1 shows a representative wake structure for
this regime at 1/Fr = 1.6 and Re = 200; the same flow features are observed for the Re = 300
flow. Characteristics of this regime are the establishment of the diving streamline height, which
limits the fluid parcel able to pass over the top of the sphere giving rise to the gravity waves,
the progressive elongation of the attached recirculation on the horizontal plane, and the presence
in the vertical plane of small recirculation regions generated by the combinations of buoyant and
shear effects.
The further increase of stratification weakens the vertical motions of the flow wake, resulting in
a predominantly two-dimensional flow pattern with unsteadiness detected from 1/Fr = 2.25 for
Re = 200 and 1/Fr = 1.8 for Re = 300. Right panel of Fig. 1 shows the wake structure for
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Figure 1: Wake vortex structures at Re = 200 and a set of Froude numbers. Figures report an
instantaneous level set of positive second invariant of the deformation tensor. Upper and lower
panels show horizontal and vertical central planes.
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Figure 2: Left panel: drag coefficient Cd history for Re = 200 and 1/Fr = 2.25, 2.5, 3 respectively
marked with blue, green and red lines. Right panel: semi-logarithmic graph of ∆Cd in function
of 1/Fr at Re = 200.
1/Fr = 4 and Re = 200, when the two-dimensional vortex shedding regime is well established.
The presence of the dividing streamline height leads to distinct shedding features in the horizontal
and vertical planes, with the fluid parcels below the streamline height that travel around the sphere
resulting in a horizontal motion similar to the flow past a cylinder. Noteworthy, computations
show that vortex shedding establishes after a period of time during which steady state flow features
are observed. The time to the onset of flow periodicity depends on the stratification, as reported
by the left panel of Fig. 2 illustrating the drag coefficient Cd for a range of Froude numbers, cf.
[1] for the definition. In particular, at 1/Fr = 2.25 the flow is still steady state but the symmetry
on the horizontal plane is already broken.
The influence of stratification on the flow structure is evaluated using the departure of the drag
coefficient from its value for the neutrally stratified flow, ∆Cd = Cd(Re, 1/Fr)−Cd(Re, 0). Right
panel of Fig. 2 reports the values of time averaged ∆Cd evaluated for 1/Fr ∈ [0.1, 10] at Re =
200. For 1/Fr < 0.5, the stratification is weak and ∆Cd is close to zero. Within the interval
1/Fr ∈ [0.5, 3], the departure from non-stratified values of Cd grows, with an increase in slope
after 1/Fr = 2. At 1/Fr = 3, ∆Cd slowly decreases until it reaches an asymptotic value.
The flexibility of unstructured meshes is used for simulating stratified flows past two spheres placed
in a tandem alignment with the flow direction. The hybrid computational mesh is maintained,
with tetrahedral elements everywhere except from 10 layers of prismatic elements around each
sphere, however the domain has been lengthened in x-direction to preserve the same domain both
before and after the two-sphere region. Results of simulations are shown in Fig. 3 for a Re = 300
flow with stratification defined by 1/Fr = 1.6 (left) and 1/Fr = 4 (right). The vertical central
planes of the 3D structures (lower panels) show that the lee-waves radiating from the two spheres
preserve the characteristics of the flow past a single sphere, cf. Fig. 1. Similarly, the horizontal
planes (upper panels) demonstrate that features of the corresponding flow regimes are maintained
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Figure 3: Wake vortex structures at Re = 300 and a set of Froude numbers, cf. Fig. 1. Upper
and lower panels show horizontal and vertical central planes.
in the lee side of the second sphere, while peculiarities driven by the spheres’ interactions are
present between the two objects.
4 Conclusions
A parallel implementation of the NFT-FV integration scheme is used for exploring the behaviour
of stably stratified flows past a sphere at Re = 200 and Re = 300. Computations report that strat-
ification progressively dominates the flow patterns as the Froude number decreases. At 1/Fr = 1.6
the studied flows show similar structures, having completely lost their non-stratified features.
In addition, stratified flow past two spheres at Re = 300 are simulated. Results of computations
reproduce the interactions between wakes of the two spheres, which bear a resemblance with the
intricacies of atmospheric flows past nearby hills.
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